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Abstract
We construct a T2-separable g boundary, which we denote by g˜, and establish an explicit embed-
ding of g˜ into the a boundary. We emphasize that rather than seen as an entirely new construction,
we view g˜ as a modification of the g boundary, as g˜ is also tied to the central notion of the g bound-
ary, geodesic/curve incompleteness. The g˜ was obtained via a modification of the open sets on
the reduced tangent bundle. It is also shown that regular manifolds points remain separated from
boundary points upon completion of the spacetime with g˜. We apply our construction to the
example of Geroch, Canbin and Wald [15], and it is seen that manifold points do in fact remain
separated from the boundary point. This provides a counterexample to their conjecture that all
boundary constructions of a certain broad class will necessarily be topologically pathological.
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I. INTRODUCTION
Not long after the field equations were introduced by Einstein, solutions were found
with singular points where known physical laws break down. Some of these were only
apparently singular points and were actually due to the choice of coordinates. It is possible
to choose a set of coordinates that maximally extended the spacetime, where the metric
becomes analytic through these points (eg. the Kruskal embedding, [1]). Truly singular
points are those which maximally analytic extensions could not remove. As open sets of the
topology on such spacetime manifolds do not contain these singular points, interpreting such
solutions, as well as the effects of the singular points on the solutions, has been a daunting
task for mathematical physicists. Over the past sixty years, schemes have been developed,
[2–5], which “capture” these points in constructed boundaries. These boundaries are then
attached to the spacetime manifold, a process known as manifold completion. The resulting
manifold is called the manifold with boundary.
An early investigation of geodesic completeness was carried out by Szekeres, [6], using
a power series expansion of the Schwarzschild solution around the coordinate singularity
r = 2m to obtain a transformation under which r = 2m is a regular manifold point. In
1968, Geroch, [2], provided the first boundary construction for singular spacetimes; the g
boundary. This involves quotienting the set of incomplete geodesics in the spacetime under
the equivalence that the geodesics limit to the same point. The g boundary is restricted
in terms of the curves considered because it assumes a definition of a singularity in terms
of geodesic incompleteness. However, it is possible to have a non-singular geodesically
incomplete spacetime, [3, 7, 8]. This prompted the construction of alternate boundaries.
In 1971, Schmidt, [4], constructed the b boundary. This construction maps endpoints of
incomplete curves in the bundle of frames of M , L (M) - generated via Cauchy completion
- as additional points of M . It is best known for its application by Hawking and others
to singularity theorems, [7], and considers a broader class of curves than the g boundary.
However, this boundary construction is fraught with undesirable properties. For one, a 4-
dimensional manifold has a 20-dimensional frame bundle. Though it was shown, [4], that
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it is sufficient to consider only the bundle of orthonormal frames - which is 10-dimensional
- intuition and computations are problematic. As a result, only situations with sufficient
symmetries to reduce the dimensions can reasonably be approached by this scheme. Fur-
thermore, there is the problem of the b boundary being non-Hausdorff which means that a
b boundary point may be arbitrarily close to manifold points.
In 1972 Geroch et al., [5], constructed the c boundary. This construction is made solely
using the causal structure of the spacetime manifold. It attaches future (respectively, past)
endpoints to every inextensible curve in the spacetime manifold. These endpoints are called
ideal points, and their collection can be interpreted as the boundary at conformal infinity.
The attachment is done in such a way that the ideal points only depend on the past (resp.
future) of the curves. These ideal points are represented by terminal indecomposable future
(resp. past) sets, [9], which are the maximal future (resp. past) sets that are not the
chronological future (resp. past) of any manifold point and cannot be represented as the
union of two proper subsets, both of which are open future (resp. past) sets.
As with the other constructions, the c boundary construction is problematic and carries
a lot of compexities. The original topology constructed by Geroch et al. has topological
separation problems as well as non-intuitive results for certain solutions. As such there have
been several modifications of the c boundary via the construction of different topologies (see
references [9–14]).
Geroch, Canbin and Wald constructed an example in 1982, [15], for which any singular
spacetime boundary construction which falls in certain class (including the g and b bound-
aries) will exhibit pathological topological properties. This led to their assertion that this
may in general be true; one might always be able to construct an example for which a
particular singular boundary construction fails.
In 1994, Scott and Szekeres constructed the abstract boundary or simply the a boundary,
[3]. Given the existence of open embeddings φi : M −→ Mˆi, the a boundary is constructed
by defining an equivalence relation on the topological boundaries ∂φiM with respect to the
Mˆi. This construction stands out as it considers a much broader class of curves relative
to the other constructions, as well as by virtue of being T2 separable, which is a crucial
requirement for a physically reasonable spacetime, [16]. Its generality means that it is
applicable in contexts in which one has only an affine connection; for example, Yang-Mills
and Einstein-Cartan theories, [3]. This construction also turns out to be easier to implement
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in general compared to the other construction schemes. However, the a boundary is also
plagued whith its own shortcomings (see the discussions in [17, 18]). It would be nice to have
a causal characterization of the a boundary, as well as being able to define differentiable and
metric structures on the a boundary, and to establish what (if any) new information can be
learned from these properties on the a boundary.
Curiel has argued that the use of curve incompleteness is an adequate definition in con-
text of singular spacetimes and singular structures as far as existing spacetimes of physical
relevance is concerned, [17, 18]. This would seem to suggest that the g, b and a boundaries
are all acceptable boundary constructions in a general relativistic context. This is not nec-
essarily true outside of this immediate context and this is where the a boundary - which is
more broadly applicable - becomes the construction of choice. Nevertheless, the ubiquity of
the application of the curve incompleteness approach motivates a better understanding of
the relationship between such constructions and the a boundary.
To date, there have been no successful results relating the various boundary construc-
tions, although there has been some work on relating b-completeness and g-completeness,
[7]. Moreover, within different boundary constructions, there have been several modifica-
tions to deal with some of the problems faced by these constructions, [5, 9, 11–14]. There
however does not seem to be a “natural” and general way to map between different boundary
constructions [10].
The aim of this paper is to construct a modified g boundary that is T2-separable and
whose completion of the spacetime retains separation of regular spacetime points from sin-
gular points. We also explore the relationship between this and the a boundary, which was
identified as an important open problem in the original paper constructing the a boundary.
If structures on the g boundary can be carried over to this modified g boundary, then such
relationship could in principle allow us to construct on the a boundary, the various structures
on the g boundary.
In section II, we give an overview of the g and a boundaries. Section III presents our
new construction using notions from the construction of the attached point topology on the
a boundary as well as a natural Hausdorff topology on the tangent bundle. In section IV,
we consider the example in [15] relative to our construction to determine if this modified g
boundary suffers the topological separation problem of the original g and b boundaries. In
section V we summarize our results and anticipate future avenues of research.
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II. SOME NOTES ON THE g AND a BOUNDARIES
In this section we provide some background on the g and a boundary constructions, as
well as the topologies that can be placed on these constructions. We follow the standard
references [2, 3, 7, 10, 16].
A. The g boundary
Let M be a geodesically complete spacetime manifold, and let Σ be a co-dimension 1
submanifold of M such that M = M1 unionsq Σ unionsqM2. In other words, Σ divides M into disjoint
subsets M1 and M2. Suppose one is given one of the subsets, say M1. A natural question
arises as to how much information about Σ can be obtained from what we know about
M1. The idea is to use the information about the incomplete geodesics in M1 - those in M1
which, when extended in M , pass through Σ - to recover “parts” of Σ. One then groups
these geodesics as follows: Let γ be an incomplete geodesic in M1 and generate a family
of geodesics by allowing small variations in the initial conditions - a point p ∈ γ and a
tangent vector at p - of γ. This family of geodesics traces out a 4-dimensional tube called
a “thickening” of γ. Another incomplete geodesic γ′ is said to be related to γ if γ′ enters
and remains in every thickening of γ. However, since finding Σ may not always suffice, the
above construction must be generalized, [2].
Let G = TM \ {0} be the reduced tangent bundle on a spacetime manifold M , made
up of the non-zero vectors in TM . The set G ⊂ TM is an 8-dimensional manifold whose
elements are the pairs (p, ξα). Each (p, ξα) ∈ G uniquely determines the geodesic γ for which
γ (0) = p, and γ′ (0) = ξα. By geodesic we mean a parametrized curve which
• has one specified end point;
• has been extended as far as possible in some direction from the end point;
• has a given affine parameter; and
• for which the affine parameter vanishes at the end point and is positive elsewhere on
the curve.
The g boundary is constructed from the subset GI ⊂ G, where GI is obtained via the
construction of a field ϕ that identifies points of G with the total affine length of the asso-
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ciated geodesics uniquely determined by those points. Elements of GI are then those points
(p, ξa) ∈ G such that ϕ (p, ξα) is finite.
One constructs a 9-dimensional manifold H = G × (0,∞), and writes H as the disjoint
union of the sets H0 and H+, where H0 and H+ are defined as
H0 = {(p, ξα, d) |ϕ (p, ξα) = d}, (1)
H+ = {(p, ξα, d) |ϕ (p, ξα) > d}. (2)
Then there is a natural map Ψ : H+ −→ M , that assigns to each point (p, ξα, d) ∈ H+ a
point p′ ∈ M obtained by moving a distance d along the geodesic uniquely associated to
(p, ξα). One defines a topology on GI as follows: Let O be an open set of M , and define
open subsets S (O) as consisting of those points (p, ξα) ∈ GI such that there exists an open
set U ⊆ H with (p, ξα, ϕ (p, ξα)) ∈ U and Ψ (U ∩H+) ⊆ O.
Given two open sets O1, O2 in M , it can be shown that S (O1) ∩ S (O2) = S (O1 ∩O2),
[2]. These open sets therefore form the basis of a topology on GI . Equivalence classes
of elements of GI can now be constructed by requiring that two elements α, β ∈ GI are
equivalent if they always appear in the same open set. The collection of such equivalence
classes forms the g boundary, where the induced topology on the g boundary is the quotient
topology, and is T0 separable, [2, 19]. However, the ideal separation property would be the
T2 separation property. Geroch did provide a recipe for constructing a g boundary that is
T2 separable, but this requires the construction of all T2 separable equivalence relations on
GI , which in general would not be feasible.
A new manifold (called the spacetime with g boundary) can now be constructed from the
disjoint union of the spacetime manifold and the g boundary: M∗ ≡M unionsq g. Subsets of M∗
are of the form (O,U), where O is an open set of M and U is an open set of g. A subset
(O,U) will be called open in M∗ if S (O) ⊃ U . These open sets form a basis for a topology
on M∗. Full open sets of M∗ are those (O,U) for which U = S (O). For more details and
discussions see reference [2].
Geroch’s original construction only considered the set GI of incomplete geodesics, and
only allows for the identification of singular boundary points. Since we are interested in
relating the g and a boundaries, in what follows we will consider the set G which allows
one to treat a wider class of curves, and, hence, of boundary points. This allows for the
modification of the g boundary which we shall exploit in order to establish a relationship
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with the a boundary (see section III)
B. The a boundary
The construction of the a boundary relies on the existence of open embeddings into
maniolds of the same dimension, or envelopments, [3]. An advantage of the a boundary
construction is that it can be applied to any manifold M and it is independent of both the
affine connection on M and the chosen family of curves in M . If we specify a family of curves
C in M , satisfying the bounded parameter property (to be formally defined in section III)
then the a boundary points can be classified as regular, points at infinity, unapproachable
points, or singularities. This subsection summarizes arguments developed in reference [3],
unless otherwise cited.
Let M be a spacetime manifold, and let φ : M −→ Mˆ be an envelopment of M into Mˆ
where dim (M) = dim
(
Mˆ
)
.
Definition II.1 A boundary point of M is a point p ∈ ∂φ (M) in the topological boundary
of φ (M) ⊆ Mˆ . A boundary set is a non-empty subset B of ∂φM , comprised of boundary
points.
Let φ′ : M −→ Mˆ ′ be a second envelopment of M into Mˆ ′, and let B′ ⊆ ∂φ′M . We define
a covering relation as follows:
Definition II.2 A boundary set B ⊆ ∂φM in Mˆ covers a boundary set B′ ⊆ ∂φ′M in Mˆ ′
if for every open neighborhood U of B in Mˆ , there exists an open neighborhood U ′ of B′ in
Mˆ ′ such that
φ ◦ φ′−1 (U ′ ∩ φ′ (M)) ⊆ U. (3)
Definition II.3 A boundary set B is equivalent to a boundary set B′ if B covers B′ and
B′ covers B.
The covering relation defines an equivalence relation on the set of all boundary sets induced
by all possible envelopments of M . An equivalence class [B] of boundary sets is called an
abstract boundary set.
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Definition II.4 An abstract boundary point is an abstract boundary set that has a
singleton p as a representative element. The set of all abstract boundary points is called the
abstract boundary or simply the a boundary.
Let O be an open set in M and let B be a boundary set of an envelopment φ. A boundary
point p ∈ B (respectively a boundary set B) is attached to the open set O of M if for every
open neighborhood U of p (resp. of B), we have that U ∩ φ (O) 6= ∅. Thus, for a boundary
set to be attached to the open set O, we require at least one boundary point p ∈ B to be
attached to O. An abstract boundary point [p] is attached to an open set O ⊆ M if the
boundary point p is attached to O.
Again, one wants a topology on the union of the spacetime manifold M and the abstract
boundary a: M¯ ≡M unionsq a. Subsets of M¯ are of the form (O ∪B,C), where O is an open set
of M , B is the set of all abstract boundary points which are attached to O, and C is some
subset of the abstract boundary. Then the sets of the form (O ∪B,C) form a basis for a
topology on M¯ , which was shown to be Hausdorff, [16].
By construction, the identification of an abstract boundary point [p] (a primary motiva-
tion for boundary constructions) is completely determined by those open sets of M to which
[p] is attached.
III. A NEW CONSTRUCTION
In this section we first briefly discuss the class of curves of interest, i.e., those satisfying
the bounded parameter property. We then proceed to the construction of the modified g
boundary, and its relationship with the a boundary, before concluding with a few illustrative
examples.
A. The bounded parameter property
The a boundary considers a broad class of curves satisfying the bounded parameter prop-
erty (b.p.p), [3].
Let γ : [a, b) −→M (with a < b ≤ ∞) be a parametrized and regular (the tangent vector
γ˙ is nowhere vanishing on the interval [a, b)) curve in M , with γ (a) = p as the starting point
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of γ. A curve γ′ : [a′, b′) −→ M is a subcurve of γ if a ≤ a′ < b′ ≤ b and γ′ = γ|[a′,b′). If
a = a′ and b > b′ we say that γ is an extension of γ′.
Definition III.1 (Change of parameter) A change of parameter is a monotone in-
creasing C1 function
s : [a, b) −→ [a′, b′) ,
which maps a to a′ and b to b′, and ds
dλ
> 0 for λ ∈ [a, b). The curve γ′ is obtained from γ
via the change of parameter s if the following diagram commutes:
[a, b) M
[a′, b′) .
s
γ
γ′ (4)
Definition III.2 (Bounded parameter property (b.p.p.)) A family of parametrized
curves C in M is said to have the bounded parameter property if
• for any p ∈M , ∃ at least one γ ∈ C such that γ (λ) = p for some λ ∈ [a, b);
• if γ ∈ C, so is every subcurve γ′ of γ; and
• for any pair γ, γ′ ∈ C for which there exists an s such that the diagram in (4) commutes,
we have either the parameter on both γ and γ′ is bounded, or the parameter on both γ
and γ′ is unbounded.
Families of curves satisfying the b.p.p. include geodesics with affine parameter, differ-
entiable curves with generalized affine parameter and timelike geodesics parametrized by
proper time. This generality carries over to the generality of the a boundary construction,
as well as our modification of the g boundary. For the remainder of this paper all curves
will satisfy the b.p.p., unless otherwise stated.
B. A T2 separable g boundary
In this subsection we define open sets on G making use of the attachment relation from
the a boundary and a natural topology on the tangent bundle. This allows us to define an
equivalence relation on G, and the collection of the associated equivalence classes defines a
g boundary which we shall denote g˜.
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In what follows, all manifolds are assumed to be smooth, Hausdorff, connected, paracom-
pact, and time orientable (a notion of past and future can be defined).
Given a manifold M , we recall that the tangent bundle on M can be given a natural
topology that is Hausdorff (for example see the reference [20]). This is done as follows:
suppose (O1, ϕ1) is a chart on M , and let {f i}i∈{1,...,n} be the coordinate functions of ϕ1.
Define a map
ϕ˜1 : pi
−1 (O1) −→ R2n,
by
ξi
∂
∂f i
∣∣∣
p
7→ (f 1 (p) , . . . , fn (p) , ξ1, . . . , ξn) ,
where ξi are vector fields in TpM
∣∣∣
O1
, and pi is the bundle projection. Then ϕ˜1 (pi
−1 (O1)) =
ϕ1 (O1)× Rn is open in R2n, and ϕ˜1 is a bijection with inverse(
f 1 (p) , . . . , fn (p) , ξ1, . . . , ξn
) 7→ ξi ∂
∂f i
∣∣∣
ϕ−1(f)
.
Given a second chart (O2, ϕ2) on M , both of
ϕ˜j
(
pi−1 (O1) ∩ pi−1 (O2)
)
= ϕj (O1 ∩O2)× Rn,
for j = 1, 2, are open in R2n, and the transition map
ϕ˜2 ◦ ϕ˜−11 : ϕ1 (O1 ∩O2)× Rn −→ ϕ2 (O1 ∩O2)× Rn
is smooth, for pi−1 (O1) ∩ pi−1 (O2) 6= ∅. We therefore have that ϕ˜i are diffeomorphisms.
Thus, we have a smooth atlas ATM = {pi−1 (Oi) , ϕ˜i}i∈{1,...,n} on TM , the tangent bundle
on M , which makes TM a smooth manifold, with the topology given by the open sets
ϕi (O) × Rn of R2n. It is not difficult to check that TM endowed with this topology is
Hausdorff: any two points in the same fiber of pi will lie in the same chart. Any two points
(p, ξi) and (q, ξj), with p 6= q, lying in different fibers can be separated by disjoint open
neighborhoods pi−1 (O1) and pi−1 (O2) respectively, by the choice that neighborhoods O1 of
p ∈M and O2 of q ∈M are disjoint.
Now let O be an open subset of M and let (pi−1 (O) , ϕ˜) be a chart on TM . Furthermore
let γp : [a, b) −→M be the curve associated with a point (p, ξα) ∈ G. Suppose φ : M −→ Mˆ
is an envelopment from M into Mˆ , and let [pˆ] be an abstract boundary point with pˆ in the
topological boundary ∂φM . Define open sets on G as follows:
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MˆNpˆ
φ
(
γ′p
)
φ (γp)
φ (O)
pˆ
FIG. 1. Depiction of the open set φ (O) containing φ (γp) to which pˆ is attached, and the portion
γ′p of γp lying in the intersection φ (O) ∩Npˆ.
S (O) =
{
(p, ξα) ∈ G
∣∣∣ φ (γp (λ)) ∈ φ (O) ,∀ λ ∈ [a, b) and φ (γp) ⊃ φ (γ′p) ⊂ φ (O) ∩N[pˆ],
for a subcurve φ
(
γ′p
)
of φ (γp)
}
. (5)
The neighborhood notation, N[pˆ], is used under the following justification: [pˆ] being attached
to O implies that pˆ is attached to O, as is true os all boundary points (sets) in [pˆ]. By
definition of the abstract boundary equivalence relation, given two equivalent boundary sets
B1, B2 ∈ [pˆ] where B1 ∈ ∂φM for an envelopment φ and B2 ∈ ∂φ′M for an envelopment
φ′, and open neighborhoods N1, N2 of B1, B2 respectively, we can identify the open sets
φ (O)∩N1 and φ′ (O)∩N2. We note that (5) is defined for all neighborhoods N[pˆ] of [pˆ] over
all possible abstract boundary points [p]O attached to O. Of course, S (O) is empty if no
boundary set is attached to O, and it is also easily seen that S (O1)∩S (O2) = S (O1 ∩O2).
We therefore have that the S (O) sets form a basis for a topology on G. (See figure 1 for
depiction of the attachment of pˆ to O and the portion of the curve in the intersection.)
Proposition III.3 The set G is Hausdorff separable in the topology whose basis is given by
S (O) as defined in (5).
Proof : For any two points (p, ξα) ,
(
q, ξβ
) ∈ G with p 6= q, we can always choose disjoint
open neighborhoods pi−1 (O1) and pi−1 (O2) of (p, ξα) and
(
q, ξβ
)
respectively by choices of
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disjoint open neighborhoods O1 of p and O2 of q in M . We therefore have S (O1)∩S (O2) =
S (O1 ∩O2) = ∅.
Definition III.4 Let S (O1) and S (O2) be open sets of G containing (p, ξ
α) and
(
q, ξβ
)
respectively. We define an equivalence relation, denoted E1, as follows: (p, ξ
α) ∼ (q, ξβ)
iff the geodesics associated with (p, ξα) and
(
q, ξβ
)
approach the same abstract boundary
point.
The proof that E1 is indeed an equivalence relation follows immediately from the definition
of an abstract boundary point.
Definition III.5 The collection of all equivalence classes in G under the equivalence rela-
tion E1 is a modified g boundary which we will denote by g˜.
The topology on G then induces a topology on g˜. We emphasize that our construction relies
on the existence of open embeddings. This is not an overly restrictive requirement as all
theories specified via a metric in some coordinate system (eg. general relativity, Einstein-
Gauss- Bonnet, etc.), have an implicit envelopment. Geroch noted, [2], that there is no
unique way of defining the g boundary, and that his particular construction was ad hoc.
However, under the condition that envelopments of the spacetime manifold exist, the a
boundary provides us with a natural way of defining open sets on G. It also allows for the
definition of a desired quotient on G (definition III.4).
Proposition III.6 The modified g boundary, g˜, is Hausdorff separable in the induced topol-
ogy from G.
Proof : Let σ1 and σ2 be two points in g˜, and let⋃
i∈I
S (Oi) and
⋃
j∈J
S (Oj)
be open neighborhoods of σ1 and σ2 respectively. Choose open subsets of M such that
Om ∩On = ∅, for any pair m,n such that m ∈ I and n ∈ J . We therefore have that(⋃
i∈I
S (Oi)
)
∩
(⋃
j∈J
S (Oj)
)
= ∅.
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Proposition III.7 Let M∗ be the manifold formed by the completion of the spacetime man-
ifold M with g˜: M∗ ≡M unionsq g˜, and let a basis for a topology on M∗ be given by open subsets
of the form (
O, U˜ =
⋃
i∈I
S (Oi)
)
,
where U˜ are the open sets of g˜, induced by the open sets on G. Then M∗ is Hausdorff.
Proof : Of course disjoint union preserves the Hausdorff property which implies M∗ is
Hausdorff. For the sake of completeness and later application, we show how manifold points
are separated from boundary points: suppose p ∈ M and σ ∈ g˜. Let Ok be an open
neighborhood of p in M , and let
U˜i =
⋃
i∈I
S (Oi)
be an open set of g˜ containing σ. We know that given any manifold M , there exists a
complete metric d on M which induces a topology compatible with the topology on M ,
[21]. We also recall that, for any positive real number  > 0, no abstract boundary point is
attached to the open ball O (p) of radius , centered at p [3]. Now, if we choose each of the
Oi of S (Oi) as open ball of some radius , centered at a point of M , then each of the S (Oi)
is empty, and so U˜ is empty. We therefore have Ok ∩ U˜i = ∅.
C. Relation to the a boundary
In the previous subsection, open sets on G (which induces a topology on g˜) and g˜ are
constructed using notions from the a boundary. We now show how the g˜ boundary can be
embedded into the a boundary via explicit mappings. We first define an equivalence relation
on φ (M).
Definition III.8 Let φ (p1) , φ (p2) ∈ φ (M). The equivalence relation on φ (M), denoted
E2, is defined as follows: φ (p1) ∼ φ (p2) iff
a. φ (p1) = φ ◦ pi (p1, ξα1 ) and φ (p2) = φ ◦ pi (p2, ξα2 ), where (pi, ξαi ) are in open sets of G,
and
b1. φ (p1) and φ (p2) lie on the same geodesic, or
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b2. φ (p1) and φ (p2) lie on geodesics approaching the same abstract boundary point.
This yields equivalence classes of geodesics with limit points being the same abstract bound-
ary point, the collection φ (M) /E2, which we shall denote by φ (M)geo. It is not difficult
to show that E2 is indeed an equivalence relation. Reflexivity and symmetry follow imme-
diately from the definition. To show transitivity, let φ (p1) ∼ φ (p2). Then either φ (p1)
and φ (p2) lie on the same curve γ or φ (p1) and φ (p2) lie on curves approaching the same
abstract boundary point. Suppose φ (p1) and φ (p2) both lie on γ. If φ (p2) and φ (p3) lie on
γ, then φ (p1) ∼ φ (p3). Otherwise, φ (p3) lies on some curve γ˜ such that γ˜ approaches the
same abstract boundary point as γ. Since φ (p1) lies on γ, this would imply φ (p1) ∼ φ (p3).
Now suppose φ (p1) and φ (p2) lie on geodesics γ and γ˜ respectively, both approaching the
same abstract boundary point. If φ (p3) lies on either of γ or γ˜, then φ (p3) ∼ φ (p1) or
φ (p3) ∼ φ (p2) which would imply φ (p3) ∼ φ (p2) or φ (p3) ∼ φ (p1) respectively. Otherwise,
φ (p3) lies on some curve γˆ (different from γ and γ˜) approaching the same abstract boundary
point as γ and γ˜, which would imply that φ (p3) ∼ φ (p1), φ (p1) ∼ φ (p2) and φ (p3) ∼ φ (p2).
Let the map
q : G −→ g˜, (6)
be the canonical quotient map defined by
(p, ξα) 7→ [(p, ξα)]E1 ,
which sends points in G to its equivalence class under the equivalence relation E1. Define a
map
κ : G −→ φ (M)geo , (7)
by
(p, ξα) 7→ [φ (γp)]E2 ,
which maps a point of (p, ξα) of G to the equivalence class (under the equivalence relation E2)
containing the image of the associated geodesic under the composition φ◦pi. The map q is a
quotient map and thus has the natural “inverse map”, q−1, which sends an equivalence class
to the set of its elements. Clearly κ is constant on the set q−1
(
[(p, ξα)]E1
)
, for [(p, ξα)]E1 ∈ g˜,
since all elements in q−1
(
[(p, ξα)]E1
)
are sent to [φ (γp)]E2 . We recall the following theorem,
[22]:
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Theorem III.9 (Munkres) Let T : X −→ Y be a quotient map. Let Z be a space and let
Q : X −→ Z be a map that is constant on each set T−1 ({y}), for y ∈ Y . Then Q induces
a map f : Y −→ Z such that f ◦ T = Q. The induced map f is continuous if and only if Q
is continuous; f is a quotient map if and only if Q is a quotient map.
The map κ thus induces a map
r : g˜ −→ φ (M)geo , (8)
such that r ◦ q = κ. Hence, the diagram
G g˜
φ (M)geo .
κ
q
r (9)
commutes. The map r sends points of g˜ to the appropriate equivalence class under the
equivalence relation E2.
We now introduce the notion of the limit operator, [23–25], which allows us to “attach”
limit points/endpoints to curves from φ (M). Let X be any set and let S (X) denote the set
of sequences in X. Let P (X) denote the set of parts of X. One defines the limit operator
as a map l : S (X) −→ P (X), satisfying the compatibility condition of subsequences: if
σ1, σ2 ∈ S (X), and σ2 is a subsequence of σ1, then l (σ1) ⊂ l (σ2).
As has been mentioned, all manifolds considered here are metrizable. Let ti be an in-
creasing infinite sequence of real numbers. Then a curve φ (γp) ∈ φ (M) can be written as
the sequence φ (γp (ti)). The limit operator
L : φ (M)geo −→ φ (M)lgeo ,
where φ (M)lg consists of equivalence classes of limit points of the sequences in φ (M), takes
points in φ (M)geo to equivalence classes of limit points in ∂φM under E2. The equivalence
classes are elements of the abstract boundary. The composition
L ◦ r : g˜ −→ a¯,
where a¯ is a subset of the abstract boundary, defined by
[(p, ξα)] 7→ B, (10)
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where B is a boundary set that is a representative of an abstract boundary point, thus gives
a bijection from the g˜ boundary to a subset of the a boundary, and we can write (10) as
[(p, ξα)] 7→ [pˆ] , (11)
where pˆ is related to B under the covering relation equivalence. The composition L ◦ r gives
us a desired map from g˜ to a¯ ⊆ a.
Theorem III.10 The composite map L ◦ r is a homeomorphism from g˜ onto its image in
a.
Proof : Clearly, L ◦ r is a bijection onto its image L ◦ r (g˜): any two equivalent points in
[pˆ] are endpoints/limit points of curves associated with equivalent points in G (under E1).
Since κ is a quotient map, κ is continuous. By theorem III.9, r is also continuous. The limit
operator L can be considered as a map sending collection of points in φ (M) (in this case
those lying on a curve) to a point in the boundary of φ (M) in Mˆ (in this case the limit point
of the curve on which those points lie). Then L is a quotient map and therefore continuous.
Since the composition of continuous maps is continuous, L ◦ r is therefore continuous.
Since the boundary of a bounded set is compact, and the spacetime completion can be
written as the union of M and g˜, we know that g˜ is compact. We also know that the abstract
boundary a (and every subset of a) is Hausdorff. By theorem (26.6) in [22], a continuous
bijection from a compact space to a Hausdorff space is a homeomorphism. We therefore
have that L ◦ r is a homeomorphism, i.e. L ◦ r embeds g˜ into a.
That this embedding might be a proper embedding is an important point to note since
there might also be unapproachable boundary points (see reference [3]) that are not ap-
proached by any curve. There might also be cases where the image L ◦ r (g˜) = a¯ coincides
with the a boundary, and future work could consider under what conditions this happens.
We stress that this construction can be made for any family of b.p.p. curves (not just
geodesics) yielding a generalization of Geroch’s g boundary.
This construction allows for the classification of all approachable boundary points and
not just singular ones, and could prove useful for future work. We emphasize that, for the
purposes of this paper, the focus is on maps of the form (11) since (given the focus on the
g boundary) we are primarily interested in curves as they approach their associated limit
points.
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D. Simple illustrative examples
Simple examples that illustrate the subtle differences between our construction and Ge-
roch’s original construction include the Schwarzschild spacetime and Misner’s simplified
version of the Taub-NUT spacetime. For the Schwarzschild spacetime, the g˜ boundary is a
single point, α, consisting of points in G whose associated geodesics all approach the surface
r = 0, which is a point in the a boundary. By contrast, the g boundary is made up of two
parts, each topologically S2 × R, for different approaches of the geodesics to r = 0, [2].
For Misner’s simplified version of the Taub-NUT spacetime, g˜ consists of just one point,
β, which is the equivalence class consisting of those points in G associated with all geodesics
that approach t = 0. In contrast, the g boundary consists of three points, g˜, and two circles,
C and C ′, [2], with a point on the circles representing those geodesics from both halves of
the cylinder striking the circles at exactly one point.
Consider another simple example. Let φ embed the unit interval (0, 1) into R via the
inclusion map. The boundary set B = {0, 1} is the boundary set of this envelopment. Now
let a second envelopment, φ′, embed (0, 1) in the unit circle via the map θ = 2pit. The
boundary points of the first envelopment are both identified with the boundary point 0 of
the second envelopment and so 0 and 1 of the first envelopment are equivalent (under the
equivalence relation defining the abstract boundary) to 0 of the second envelopment. The
boundary set B is disconnected and so takes the discrete topology. Therefore, the singletons
{0} and {1} are open sets containing each of the boundary points.
Suppose we are presented with just the envelopment φ. The boundary points 0 and 1
may wrongly be associated with different equivalence classes in the g boundary. With the
knowledge of the second envelopment, it becomes clear that they are equivalent (since they
are both equivalent to 0 in the second envelopment). We thus have 0 and 1 as elements of
an equivalence class in the g˜ boundary.
IV. THE g˜ BOUNDARY APPEARS ROBUST
There are many potential applications of the relationship between the a and g boundary
constructions (see the conclusion), and most will involve considerable work. As a first
application, we consider one important outstanding question, namely whether all boundary
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constructions are necessarily pathological for a suitably contrived example, such as that
presented in reference [15].
The example spacetime is constructed as follows: in the two dimensional Minkowski
spacetime N with the usual 2-metric, let s be the endpoint of a future directed timelike
geodesic γp which starts at p, and let r be a point in N which lies on a future directed null
geodesic in N . Take the cross product of N \ {s} and the 2-dimensional spacelike plane.
Now, let M be a spacetime and let φ : M −→ Mˆ embed M into Mˆ . Furthermore, let
φ (M) = φ (M) ∪ ∂φMI be a spacetime in which φ (M) is dense, where ∂φMI is a subset of
∂φM containing points that are endpoints/limit points of incomplete geodesics in φ (M).
Suppose we have a singular boundary construction satisfying the following conditions:
a. For every incomplete geodesic γp associated with a point (p, ξ
α) ∈ G, there exists a
point pˆ ∈ ∂φMI such that φ (γp) limits to pˆ,
b. the extension exp : U¯ −→ φ (M) of the exponential map exp : U −→ φ (M), which
take points of G associated with incomplete geodesics of affine length exactly one to
their endpoints/limit points in φ (M), is continuous.
Choosing a sequence of curves from p to r that converge to γp, the authors in [15] showed
that r limits to s and thus any open neighborhood of the singular point s will contain the
regular point r. The justification is also dependent on certain smoothness condition on open
neighborhoods around the “bends” where the sequences of curves are near s. The choice is
to have the open neighborhoods “smooth everywhere except s where it accumulates”.
Now, let us consider the g˜ boundary and this example. Restrict G to points associated
with incomplete geodesics and let the topology on G be that for which the S (O) sets are a
basis. Moreover, let the topology on this subset of G be the induced topology from G. Then
clearly our construction satisfies the above two conditions: of course, by our construction,
every point pˆ ∈ ∂φMI is an endpoint/limit point of an incomplete geodesic φ (γp). Also,
the inverse image of (φ (O) , V ) - where V is open in ∂φMI - under exp is just S (O), which
is open in G. Now, for any open set S (O) containing s, associated to the open set O of
M , if we choose O as an open ball, then of course S (O) is empty. As such we do have
open neighborhoods of s which do not intersect open neighborhoods of the bends. In fact
the T2-separability of the manifold completion with our construction ensures that there are
open neighborhoods of the regular point r and the singular point s such that r and s remain
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T2-separated. This seems to suggest that the non-T1 separation problem of this example
experienced by the Geroch’s g boundary and the b boundary constructions is inherited from
the topological separation problems inherent in these boundary constructions themselves,
rather than be symptomatic of all boundary constructions satisfying the two conditions.
V. CONCLUSION
The aim of this paper was to construct a T2-separable g boundary, g˜, and establish a
relationship between this g boundary and the a boundary. This important open problem,
[3], has been solved. We have also shown that regular spacetime points remain separated
from points in g˜ upon completing the spacetime with g˜. In order to achieve this, a natural
Hausdorff topology is defined on the tangent bundle. This topology, along with properties
of the attached point topology on the a boundary, was then used to define new open sets on
G. The set G is Hausdorff in this topology, and induces a topology on g˜ under which g˜ is
also Hausdorff. In the process of obtaining the definition of the equivalence relation for our
construction, all other identifications we attempted were non-Hausdorff.
We also applied our construction to the example of Geroch, Canbin and Wald, [15], and
showed that the g˜-boundary is free of the topological separation problem experienced by
other constructions, thus refuting their conjecture that such problems are endemic to all
boundary constructions of a certain class. It may be that g˜ is the only pertinent subset of
the a boundary with respect to the two conditions of Geroch, Canbin and Wald. If that
is the case, this might provide a route to establishing a relationship between the b and a
boundaries.
Now that we have a relationship between the g˜ and the a boundary, there are many
further interesting problems that come to mind. Among these, we identify the following as
exciting possible future work:
1. Can the causal, metric and differentiable structures defined on g, [2], be extended to
g˜?
2. If the answer to (1.) is yes, can our construction then provide a way to construct
causal, metrical and differentiable structures on the a boundary?
3. Again, if the answer to (2.) is in the affirmative, what new information, if any, can we
19
obtain from these structures on the a boundary?
Finally, an obvious problem to consider is the relationship between the boundaries con-
sidered in this paper to other boundary constructions.
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